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Abstract: We apply previous results on the O(N) Bethe Ansatz [1–3] to construct a
general form factor formula for the O(N) Gross-Neveu model. We examine this formula
for several operators, such as the energy momentum, the spin-field and the current. We
also compare these results with the 1/N expansion of this model and obtain full agreement.
We discuss bound state form factors, in particular for the three particle form factor of the
field. In addition for the two particle case we prove a recursion relation for the K-functions
of the higher level Bethe Ansatz.
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1 Introduction
The O(N) σ- and Gross-Neveu (GN) models are integrable and asymptotically free quan-
tum field theories in 1+1 dimension. The S-matrices of these two models correspond to two
solutions of the Yang-Baxter equation [4, 5]. In previous articles we constructed the O(N)
nested off-shell Bethe Ansatz [1, 2] and applied this technique to construct the exact form
factors for the O(N) σ model [3]. Here we extend this work and construct the form factors
for the O(N) Gross-Neveu model for arbitrary number of fundamental particles (for the
two-particle case see [6]). The model exhibits a very rich bound state structure and kinks
(see e.g. [7]), turning this study even more challenging.
Before we recall the S-matrix and all other details of this model we should mention
that the integrable structure present in 1+1 dimension is now becoming relevant and ac-
tual in higher dimensional gauge theories under specific circumstances. Remarkably, in the
articles [8–11] (see also references therein) a non-perturbative formulation of planar scat-
tering in the N = 4 Supersymmetric Yang-Mills theory (SYM) with the so called polygonal
Wilson loops was proposed and a new decomposition of the Wilson loops in terms of the
fundamental building blocks-Pentagon transitions was introduced. These transitions are
directly related to the dynamics of the Gubser-Klebanov-Polyakov flux-tube [12], which
can be computed exactly by exploring the integrability. In addition, three axioms about
the transitions that single particles must satisfy were postulated and, interestingly, it is
possible to verify that these axioms correspond to some deformations of the form factor
equations in 1 + 1- dimensional integrable quantum field theories. Such exact and con-
structive developments in the N = 4 SYM theory opens, indeed, large perspectives in the
view of using the exact integrability and the full machinery of the form factor program to
get physical insights, specially in the case of non-trivial symmetry groups, such as SU(N)
and O(N).
In this article we consider the O(N)-Gross-Neveu model for N = even. We do not
use any Lagrangian to construct the model, nevertheless, we give the following motivation.
The O(N)-Gross-Neveu model describes the interaction of N/2 Dirac (or N Majorana)
fermions defined by the Lagrangian1 [13]
LGN =
N/2∑
α=1
ψ¯αiγ∂ψα +
1
2
g2

N/2∑
i=1
ψ¯αψα


2
. (1.1)
It is known from semi-classical calculations [14] that there are bound states of two funda-
mental fermions in the scalar and the anti-symmetric tensor channel. Furthermore there
are kinks such that the fundamental fermions are kink-kink bound states. The bootstrap
program does not use the Lagrangian, but we are looking for an factorizing S-matrix of an
O(N)-isovector N -plett of self conjugate fundamental fermions. However, now we assume
bound states in the scalar and anti-symmetric tensor channel of two of them.
1The Lagrangian (1.1) is invariant under O(N) transformations of the vector of N Majorana fermi fields
ψ
(i)
α (α = 1, . . . , N/2), i = 1, 2, where ψα = ψ
(1)
α + iψ
(2)
α [5].
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In this article we use the techniques of [1, 3] to construct the form factors of the
O(N)-Gross-Neveu model. We apply the general results to compute exact form factors
for the energy-momentum, the spin-field and the current. The exact results are compared
with the ones obtained in perturbation theory using the 1/N expansion. The final aim
of the form factor program is to obtain explicit results for the correlation functions or
Wightman functions in the framework of 2-dimensional integrable QFTs. In [6, 15] the
concept of generalized form factors was introduced and developed further by Smirnov [16].
We call the matrix elements of fields with many particle states: “generalized form factors”.
Matrix difference equations (the generalized Watson’s equations) are solved by using the
“off-shell Bethe Ansatz” [1, 17–19], which was introduced in [20] to solve the Knizhnik-
Zamolodchikov equations. Other approaches to form factors in integrable quantum field
theories can be found in [21–29]. For articles considering the form factor program for Bethe
Ansatz solvable models with nesting see also [30–33].
The general form factor formula in terms of an integral representation is the main
result of this paper. It solves the form factors equations. The matrix element of a local
operator O(x) for a state of n particles of kind αi with rapidities θi
〈 0 | O(x) | θ1, . . . , θn 〉inα = e−ix(p1+···+pn)FOα (θ) (1.2)
defines the generalized form factor FOα (θ). Here we restrict α to the fundamental particles
of the model, which form an isovector N -plett of O(N). Following [6] we write
FOα (θ) = K
O
α (θ)
∏
1≤i<j≤n
F (θij) (1.3)
where F (θ) is the minimal form factor function.
For the K-function we propose the same Ansatz as for the σ-model in [3] in terms of
a nested ‘off-shell’ Bethe Ansatz
KOα (θ) = N
O
n
∫
C(1)θ
dz1 · · ·
∫
C(m)θ
dzm h˜(θ, z) p
O(θ, z) Ψ˜α(θ, z) . (1.4)
Here h˜(θ, z) is a scalar function which depends only on the S-matrix. The scalar p-function
pO(θ, z) which is in general a simple function of eθi and ezj depends on the specific operator
O(x). This Ansatz transforms the complicated form factor matrix equations (see (3.1)-(3.3)
below) to simple equations for the scalar function pO(θ, z) (see also [19]). The integration
contour Cθ will be specified in section 4. The state Ψ˜α in (1.4) is a linear combination of
the basic Bethe Ansatz co-vectors (see [3] and (4.1))
Ψ˜α(θ, z) = Lβ˚(z) Φ˜
β˚
α(θ, z) . (1.5)
The nested off-shell Bethe Ansatz is obtained by making for Lβ˚(z) an Ansatz like (1.4)
and iterating this procedure. In the present paper we mainly consider the case where
α correspond to the fundamental fermions of the O(N)-Gross-Neveu model Lagrangian
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(1.1). In forthcoming publications we will consider the kinks [34] and we will discuss, in
particular, the O(6)-Gross-Neveu model in more detail [35].
The ‘off-shell’ Bethe Ansatz states are highest weight states if they satisfy certain
matrix difference equations (see for instance [1]). For n particle states the O(N) weights
are
(w1, . . . , wN/2) =
(
n− n1, . . . , nN/2−2 − n− − n+, n− − n+
)
where n1 = m,n2, . . . are the numbers of integrations in (1.4) and the higher levels of
the nesting. In particular n± are the numbers of positive/negative chirality spinors. The
various levels of the nested Bethe Ansatz correspond to the nodes of the Dynkin diagram
of the corresponding Lie algebra (see for instance [36–38] and references therein). Here we
have DN/2 for N = even (see Fig. 2). In [3] we used for the O(N) σ-model the group
isomorphy O(4) ≃ SU(2)⊗ SU(2) to start the nesting procedure with form factors of the
SU(2) chiral Gross-Neveu model [39]. For the O(N) Gross-Neveu model it is also possible
to use the group isomorphy O(6) ≃ SU(4) to start the nesting with form factors of the
SU(4) chiral Gross-Neveu model [39]. This will be performed in detail in a separate paper
[35]. For the on-shell Bethe Ansatz for N even see also [40].
Section 2 provides some known results and the notation for the O(N) Gross-Neveu
S-matrix, the bound states, etc. In Section 3 we recall the general form factor equations
and obtain the minimal form factor function. In Section 4 we present the general exact
form factors formula for the O(N)-Gross-Neveu model and discuss the higher levels of the
nested off-shell Bethe Ansatz. In section 5 the general results are applied to some examples.
The more complicated proofs and calculations are delegated to the appendices.
2 General settings
2.1 The O(N)-Gross-Neveu S-matrix
We consider the fundamental particles of the Lagrangian (1.1) which are fermions and
transform as the vector representation of O(N). The structure of the S-matrix is the
same as that of the nonlinear σ-model [3] however, here we are looking for a solution
of the O(N)-Yang-Baxter equations with a bound state pole in the physical strip 0 <
Im θ < π. Therefore, here “minimality” implies that the S-matrix for the scattering of two
fundamental particles is of the form
S(θ,N) =
sinh θ + i sinπν
sinh θ − i sinπν S
min(θ), with ν =
2
N − 2 . (2.1)
This S-matrix was given by Zamolodchikov-Zamolodchikov [5]. The first factor in (2.1) is
the sine-Gordon breather-breather [41] amplitude and Smin is the minimal O(N) S-matrix
which is the one of the nonlinear σ-model (see e.g. [3]). The position of the pole is dictated
by the condition [42] that the pole has to be cancelled by a zero in the amplitude Smin+ .
This condition2 fixes the pole and therefore the bound state mass spectrum
mk = 2m sin
1
2kπν (k = 1, 2, . . . , N/2 − 2) . (2.2)
2An additional pole in SGN+ would contradict positivity in the Hilbert space (for details see [42]).
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For each “principal” quantum number k there exist particles b
(r)
k which are anti-symmetric
tensors of rank r = k, k− 2, · · · ≥ 0, i.e. they transform according to the r-th fundamental
representation of O(N). These particles are bosons/fermions for k even/odd. In addition
✲
✻kink-kink threshold
r
k
1
2
3
4
5
1 2 3 4 5
• •
• • •
• boson
fermion
Figure 1. Particle spectrum of the O(N)-Gross-Neveu model for N = 14
there exist “kinks” of mass m which transform as the two spinor representations of O(N)
(with positive or negative isotopic chirality).
Note the intimate connection between the spectrum of the GN-model, figure 1, and the
Dynkin diagram figure 2. There exist exclusively such one-particle states which transform
• • . . . • • 
 
❅
❅•
•
1 2 N2 − 2 +
−
Figure 2. Dynkin diagram for O(N)
according to one of the fundamental (or trivial) representations of O(N).
For the Bethe Ansatz it is convenient as in [3] to use instead of the real basis
|α〉r , (α = 1, 2, . . . , N) the complex basis |1〉, |2〉, . . . , |2¯〉, |1¯〉
|α〉 = 1√
2
(|2α − 1〉r + i|2α〉r)
|α¯〉 = 1√
2
(|2α − 1〉r − i|2α〉r)
}
, α = 1, 2, . . . , N/2 .
Then the S-matrix writes in terms of the components as
Sδγαβ(θ) = b(θ)δ
γ
αδ
δ
β + c(θ)δ
δ
αδ
γ
β + d(θ)C
δγCαβ (2.3)
with the rapidity difference θ of the particles and the “charge conjugation matrices”
Cαβ = δαβ¯ and C
αβ = δαβ¯ . (2.4)
The Yang-Baxter-, crossing- and unitarity-relation write as in [3]. The highest weight
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amplitude is a(θ) = S+(θ) = b(θ) + c(θ)
a(θ) = exp
(
2
∫ ∞
0
dt
t
(
e−t(1−ν) − e−t
1 + e−t
)
sinh t
θ
iπ
)
(2.5)
=
Γ
(
1− 12piiθ
)
Γ
(
1
2 +
1
2piiθ
)
Γ
(
1 + 12piiθ
)
Γ
(
1
2 − 12piiθ
) Γ (1− 12ν + 12piiθ)Γ (12 − 12ν − 12piiθ)
Γ
(
1− 12ν − 12piiθ
)
Γ
(
1
2 − 12ν + 12piiθ
)
with ν = 2/(N − 2). For later convenience we introduce
S˜δγαβ(θ) = S
δγ
αβ(θ)/S+(θ) = b˜(θ)δ
γ
αδ
δ
β + c˜(θ)δ
δ
αδ
γ
β + d˜(θ)C
δγCαβ (2.6)
with
b˜(θ) =
θ
θ − iπν , c˜(θ) = −
iπν
θ − iπν , d˜(θ) = −
θ
θ − iπν
iπν
iπ − θ . (2.7)
We will also need S˚(z) the S-matrix for O(N − 2)
˜˚
Sδγαβ(θ) = S˚
δγ
αβ(θ)/S˚+(θ) =
˜˚
b(θ)δγαδ
δ
β +
˜˚c(θ)δδαδ
γ
β +
˜˚
d(θ)CδγCαβ (2.8)
where ν is replaced by ν˚ = 2/(N − 4).
2.1.1 Bound states
Following [7, 42, 43] we write for the fundamental fermions α, β, β′, α′
iRes
θ=iη
(σS)β
′α′
αβ (θ) =
∑
γ
Γβ
′α′
γ Γ
γ
αβ : iRes
✁
✁
✁✁
❆
❆
❆❆
α β
α′β′
=
α β
α′β′
✎☞•
•✍✌
(2.9)
where σ = −1 is the statistics factor. The intertwiner Γγαβ and the dual one Γβαγ satisfy
the crossing relation
Γβαγ = Cγγ′Γ
γ′
α′β′C
β′βCα
′α : ✡✠•
γ
β α
=
✓✏
•☛✟✡✠✫✪
γ
β α
(2.10)
with the charge conjugation matrix C (2.4). Here we have for η = πν
i Res
θ=ipiν
(σS)β
′α′
αβ (θ) = −i Resθ=ipiν
sinh θ + i sinπν
sinh θ − i sinπν
(
Smin
)β′α′
αβ
(θ)
= 2 tan πν
(
Smin
)β′α′
αβ
(iπν) .
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3 Generalized form factors
Form factor equations The form factor equations for the O(N) Gross-Neveu-model are
similar to the ones of the O(N) σ-model in [3]. However, here there are additional statistics
factors. The FOα (θ) defined by (1.2) are considered as the components of a co-vector valued
function FO1...n(θ) which satisfies:
(i) Watson’s equation
FO...ij...(. . . , θi, θj , . . . ) = F
O
...ji...(. . . , θj , θi, . . . ) (σS)ij (θij) (3.1)
with θij = θi − θj and σij = −1 for fermions.
(ii) Crossing equation
out,1¯〈 θ1 | O(0) | θ2, . . . , θn 〉in,conn.2...n
= FO1...n(θ1 + iπ, θ2, . . . , θn)σ
O
1 C
1¯1 = FO2...n1(θ2, . . . , θn, θ1 − iπ)C11¯ (3.2)
with the charge conjugation matrix C1¯1 and the statistics factor σO1 of the operator
O with respect to the particle 1.
(iii) Recursion equation
Res
θ12=ipi
FO1...n(θ1, . . . , θn) = 2iC12 F
O
3...n(θ3, . . . , θn)
(
1− σO2 (σS)2n . . . (σS)23
)
, (3.3)
(iv) Because there are bound states in the model the function FOα (θ) has additional poles.
If for instance the particles 1 and 2 form a bound state (12), there is a pole at
θ12 = iη, (0 < η < π) such that
Res
θ12=iη
FO12...n(θ1, θ2, . . . , θn) = F
O
(12)...n(θ(12), . . . , θn)
√
2Γ
(12)
12 (3.4)
where the bound state intertwiner Γ
(12)
12 of (2.9) and the values of θ1, θ2, θ(12) and η
are given in [7, 42, 43].
(v) Lorentz covariance
FO1...n(θ1 + µ, . . . , θn + µ) = e
sµ FO1...n(θ1, . . . , θn) (3.5)
if the local operator transforms under Lorentz transformations as O → esµO where
s is the “spin” of O.
The statistics factors in (ii) and (iii) are not arbitrary, but consistency and crossing
implies that both are the same and that the for anti-particle σO1 σ
O¯
1
= 1 holds (see also [19]).
In [18, 43] was shown that the form factor equations follow from general LSZ assumptions
and “maximal analyticity”.
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Minimal form factors: The solutions of Watson’s and the crossing equations (i) and
(ii) for two particles
F (θ) = S (θ)F (−θ) (3.6)
F (iπ − θ) = F (iπ + θ)
with no poles in the physical strip 0 ≤ Im θ ≤ π and at most a simple zero at θ = 0 are
the minimal form factors [6]
Fmin+ (θ) = exp
∫ ∞
0
dt
t sinh t
e−t(1−ν) − e−t
1 + e−t
(
1− cosh t
(
1− θ
iπ
))
(3.7)
Fmin− (θ) =
cosh 12 (iπ − θ)Γ2
(
1
2 +
1
2ν
)
Γ
(
1 + 12ν − 12piiθ
)
Γ
(
1
2ν +
1
2piiθ
)Fmin+ (θ) (3.8)
Fmin0 (θ) =
2 tanh 12 (iπ − θ)
iπ − θ F
min
− (θ) . (3.9)
They belong to the S-matrix eigenvalues S± = b±c and S0 = b+c+Nd (see (2.3)). For the
construction of the off-shell Bethe Ansatz the minimal solution of the form factor equation
(3.1) for the highest weight eigenvalue of the O(N) S-matrix
F (θ) = σS+ (θ)F (−θ) = −a(θ)F (−θ) (3.10)
is essential. We take the solution3
F (θ) = c cosh
1
2
(iπ − θ) Fmin+ (θ) (3.11)
= c exp
(∫ ∞
0
dt
t sinh t
1 + e−t(1−ν)
1 + e−t
(
1− cosh t
(
1− θ
iπ
)))
or4
F (θ) =
G
(
1
2
θ
ipi
)
G
(
1− 12 θipi
)
G
(
1
2 +
1
2
θ
ipi
)
G
(
3
2 − 12 θipi
)G
(
1
2 − 12ν + 12 θipi
)
G
(
3
2 − 12ν − 12 θipi
)
G
(
1− 12ν + 12 θipi
)
G
(
2− 12ν − 12 θipi
)
where G (z) is Barnes G-function, which satisfies (see e.g. [44])
G (1 + z) = Γ (z)G (z) .
For convenience we have introduced the constant c (see (4.9))
c = G2
(
1
2
)
G2
(
1− 12ν
)
G−2
(
3
2 − 12ν
)
. (3.12)
The full 2-particle form factors are
F+,−,0 (θ) =
− cos2 12πν
sinh 12 (θ − iπν) sinh 12 (θ + iπν)
Fmin+,−,0 (θ) . (3.13)
They are non-minimal solutions of (3.6) containing the bound state pole at θ = iπν (see
(2.16) of [6]).
3The minus sign in (3.10) and the factor cosh 1
2
(ipi − θ) is due to fermionic statistics of the fundamental
particles (see also eq. 4.14 of [18]).
4Private communication: Karol K. Kozlowski pointed out to one of the authors (M.K.), that the minimal
form factors may be expressed in terms of Barnes G-function.
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4 O(N) form factors and Bethe Ansatz
4.1 The fundamental Theorem
Following [6] we write the general form factor FO1...n(θ) for n-fundamental particles as (1.3)
where F (θ) is the minimal form factor function (3.11). The K-function KO1...n(θ) is deter-
mined by the form factor equations (i) - (v). We propose the K-function in terms of a
nested ‘off-shell’ Bethe Ansatz (1.4) as a multiple contour integral.
The basic Bethe Ansatz co-vectors in (1.5) are defined as (for more details see [1, 3])
Φ˜
β˚
α(θ, z) =
(
Π
β˚
β(z)ΩT˜
βm
1 (θ, zm) . . . T˜
β1
1 (θ, z1)
)
α
. (4.1)
The matrix Π
β˚
β(z) intertwines
5 between the S-matrices S of O(N) and S˚ of O(N − 2)
˜˚
Sij(zij ν˚/ν)Π...ij...(z) = Π...ji...(z)S˜ij(zij) . (4.2)
The Bethe Ansatz co-vectors (4.1) are generalizations of vectors introduced by Tarasov
[45] for the Korepin-Izergin model. Below we will use the following relations for special
components of Π (for more details see [1–3])
Π
β˚
β =


0 for β1 = 1, or βm = 1¯
δβ˚1β1 Π
β˚2...β˚m
β2...βm
for β1 6= 1¯
Π
β˚1...β˚m−1
β1...βm−1
δβ˚mβm for βm 6= 1 .
(4.3)
The scalar function h˜(θ, z) in (1.4) depends only on the S-matrix and not on the specific
operator O(x)
h˜(θ, z) =
n∏
i=1
m∏
j=1
φ˜(θi − zj)
∏
1≤i<j≤m
τ(zi − zj) . (4.4)
The functions φ˜ and τ satisfy the shift equations
φ˜(θ − 2πi) = −b˜(θ)φ˜(θ) (4.5)
τ(z − 2πi)/b˜(2πi − z) = τ(z)/b˜(z) (4.6)
which are related to the form factor equation (ii) or (3.2) [1–3]. Here for the O(N) Gross-
Neveu model
τ(z) =
1
φ˜(−z)φ˜(z) (4.7)
where φ˜(θ) is6
φ˜(θ) = Γ
(
1− 1
2
ν +
1
2πi
θ
)
Γ
(
− 1
2πi
θ
)
. (4.8)
5This matrix Π is trivial for the SU(N) Bethe Ansatz because the SU(N) S-matrix does not depend on
N for a suitable normalization and parametrization.
6This is in contrast to the σ-model case where the φ˜-functions depend on whether j in (4.4) is even or
odd.
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• θn+ipi(4−ν)
• θn+ipi(2−ν)
• θn−2pii
❛ θn−ipi❛ θn−ipiν
• θn❤✲
✂ ✁
❄
. . .
• θ2+ipi(4−ν)
• θ2+ipi(2−ν)
• θ2−2pii
❛ θ2−ipi❛ θ2−ipiν
• θ2❤✲
✂ ✁
❄
• θ1+ipi(4−ν)
• θ1+ipi(2−ν)
• θ1−2pii
❛ θ1−ipi❛ θ1−ipiν
• θ1❤✲
✂ ✁
❄
• θn+ipi(2−ν)
• θn−4pii
• θn−2pii
❛ θn−ipi❛ θn−ipiν
• θn❤✲
✄  
✻
. . .
• θ2+ipi(2−ν)
• θ2−4pii
• θ2−2pii
❛ θ2−ipi❛ θ2−ipiν
• θ2❤✲
✄  
✻
• θ1+ipi(2−ν)
• θ1−4pii
• θ1−2pii
❛ θ1−ipi❛ θ1−ipiν
• θ1❤✲
✄  
✻
(odd) (even)
Figure 3. The integration contours C(o)θ and C(e)θ . The bullets refer to poles of the integrand
resulting from φ˜(θi − zj) and the small open circles refer to poles originating from S˜(θi − zj).
The form factor equation (iii) or (3.3) (as will be discussed in appendix A) requires that
F (θ)F (θ + iπ)φ˜(−θ − iπ + iπν)φ˜(−θ) = 1. (4.9)
The function (4.8) satisfies this relation. Notice that the equations (4.8) and (4.9) also
determine the normalization constant c in (3.11) and (3.12).
Similar as in [3] the integration contours C(j)θ in (1.4) depend on whether j is even
or odd, they are depicted in Fig. 3. The Ansatz (1.3) and (1.4) transforms the matrix
equations (i) - (v) (see (3.2)-(3.5)) into much simpler scalar equations for the scalar p-
function pO(θ, z). This function depends on the specific operator O(x) and is in general a
simple function of eθi and ezj .
Theorem 1 Assume that:
1. The p-function pO(θ, z) satisfies the equations
(i′) pO(θ, z) is symmetric under θi ↔ θj
(ii′1) p
O(θ, z) = σO(−1)mpO(θ1 + 2πi, θ2, . . . , z)
(ii′2) p
O(θ, z) = (−1)npO(θ, z1 + 2πi, z2, . . . )
(iii′) pO(θ, z) = pO(θˇ, zˇ)


(4.10)
where in (iii′) θ12 = iπ, z1 = θ1 − iπν and z2 = θ2. The short notations θˇ =
(θ3, . . . , θn) and zˇ = (z3, . . . , zm) are used.
2. The higher level function Lβ(z) in (1.5) satisfies (i)
(k) - (iii)(k) of (4.13) – (4.15) for
k = 1.
3. A suitable choice of the normalization constants in (1.4).
Then the co-vector valued function Fα(θ) given by the Ansatz (1.3) and the integral repre-
sentation (1.4) satisfies the form factor equations (i) – (v) of (3.1) – (3.5).
The proof of this theorem can be found in appendix A.
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4.2 Higher level off-shell Bethe Ansatz
For this discussion it is convenient to introduce the variables u, v defined by θ = iπνku, z =
iπνkv and νk = 2/(N − 2k − 2). For the O(N − 2k) S-matrix S(k)(u) we write as in (2.6)
S˜(k)(u) = S(k)/S
(k)
+ = b˜(u)1+ c˜(u)P+ d˜k(u)K (4.11)
b˜(u) =
u
u− 1 , c˜(u) =
−1
u− 1 , d˜k(u) =
u
u− 1
1
u− 1/νk
.
and define
K(k)α (u) = N˜
(k)
mk
∫
C(1)u
dv1 · · ·
∫
C(mk)u
dvmk h˜(u, v)p
(k)(u, v) Ψ˜(k)α (u, v) (4.12)
Ψ˜(k)α (u, v) = L
(k)
β˚
(v)
(
Φ˜(k)
)β˚
α
(u, v), L
(k)
β˚
(v) = K
(k+1)
β˚
(v)
with u = u1, . . . , unk , v = v1, . . . , vmk and mk = nk+1.
The equations (i)(k)-(iii)(k) for k > 0 are in terms of these variables similar as in [3]
(i)(k)
K
(k)
...ij...(. . . , ui, uj , . . . ) = K
(k)
...ji...(. . . , uj , ui, . . . ) S˜
(k)
ij (uij) (4.13)
(ii)(k)
K
(k)
1...nk
(u1 + 2/ν, u2, . . . , unk)C
1¯1 = K
(k)
2...nk1
(u2, . . . , unk , u1)C
11¯ (4.14)
(iii)(k)
Res
u12=1/νk
K
(k)
1...nk
(u1, . . . , unk) =
nk∏
i=3
φ˜(ui1 + 1)φ˜(ui2)C12K
(k)
3...nk
(u3, . . . , unk) . (4.15)
in addition we have here the bound state relation
(iv)(k)
Res
u12=1
F
(k)
12...n(u1, u2, . . . , un) = F
(k)
(12)...n(u(12), . . . , un)
√
2Γ
(12)
12 . (4.16)
The form factor equations (i) - (iv) of (3.1)-(3.4) for O(N − 2k) are similar to these
higher level equations. There are, however, two differences: 1) The shift in (ii)(k) is the
one of O(N) but not that of O(N − 2k). 2) There is only one term on the right hand side
in (iii)(k).
We assume that the p-function p(k)(u, v) satisfies the equations
(i′) p(k)(u, v) is symmetric under ui ↔ uj, vi ↔ vj
(ii′) p(k)(u, v) = (−1)mkp(k)(u1 + 2/ν, u2, . . . , v) = (−1)nkp(k)(u, v1 + 2/ν, v2, . . . )
(iii′) p(k)(u, z) = p(k)(uˇ, vˇ) for u12 = 1/νk, v1 = u1 − 1 and v2 = u2
(4.17)
where we use the short notations uˇ = (u3, . . . , unk) and vˇ = (v3, . . . , vmk).
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Lemma 2 For 0 < k < 12 (N − 4) the functions K
(k)
α (u) of (4.12) satisfy the equations
(i)(k), (ii)(k) and (iii)(k), if the corresponding relations are satisfied for K
(k+1)
β˚
(v) and if
suitable choice of the normalization constants in (4.12) is assumed. The weights of the
operator O
wO = (w1, . . . , wN/2) =
(
n0 − n1, . . . , nN/2−2 − n− − n+, n− − n+
)
(4.18)
determine the numbers mk = nk+1 for a given number of particles n = n0
The proof of this lemma can be found in appendix C.1.
5 Examples
In this section, to illustrate our general results we present some simple examples.
5.1 Current
The O(N) Noether current7
Jαβµ = ψ¯
αγµψ
β
transforms as the antisymmetric tensor representation of O(N). This operator has therefore
the weights wJ = (w1, . . . , wN/2) = (1, 1, 0, . . . , 0) (see [1, 2]), which implies with (4.18)
that
n− 2 = n1 − 1 = n2 = · · · = nN/2−2 = n− + n+, n− = n+ .
where ni are the numbers of integrations in the various levels of the off-shell Bethe Ansatz.
The existence of a pseudo-potential Jαβ(x) follows from the conservation law ∂µJαβµ = 0
Jαβµ (x) = ǫµν∂
νJαβ(x).
For the form factors of both operators we have the relation
F
Jµ
α (θ) = −iǫµν
(∑
pνi
)
F Jα (θ) . (5.1)
Because the Bethe Ansatz yields highest weight states we obtain the matrix elements of
the highest weight component of Jαβ which means in the complex basis J(x) = J12(x).
We propose the form factors of the operator J(x) (for n = m + 1 = n1 + 1 = n2 + 2
even)
〈0|J(0)|θ〉α = F Jα (θ) =
∏
i<j
F (θij)K
J
α (θ)
KJα (θ) = N
J
n
∫
C(1)θ
dz1 . . .
∫
C(m)θ
dzm h˜(θ, z)p
J(θ, z) Ψ˜α(θ, z) .
7In the real basis.
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Expressing Ψ˜α(θ, z) in terms of all higher level Bethe Ansatzes there appears the product
of all level p-functions pJ(θ, z). For the example of the current it depends on the θi and
the second level z
(2)
j
pJ(θ, z) = e
1
2
(
n∑
i=1
θi−
n2∑
j=1
z
(2)
j − 12n2ipiν˚
)
/
n∑
i=1
eθi + e
− 1
2
(
n∑
i=1
θi−
n2∑
j=1
z
(2)
j − 12n2ipiν˚
)
/
n∑
i=1
e−θi (5.2)
which satisfies (4.10) with
charge QJ = 0
weight vector wJ = (1, 1, 0, . . . , 0)
statistics factor σJ = 1
spin sJ = 0, sJµ = 1 .
For example for 2-particle form factor we obtain (see appendix B)
F J
αβ
α1α2 (θ1, θ2) = im
(
δαα1δ
β
α2 − δβα1δαα2
) 1
cosh 12θ12
F− (θ) (5.3)
F
Jαβµ
α1α2 (θ1, θ2) = i
(
δαα1δ
β
α2 − δβα1δαα2
)
v¯(θ1)γµu(θ2)F− (θ) (5.4)
with F− (θ) of (3.13) and (3.8), v¯(θ1)γ±u(θ2) = ±i2me± 12 (θ1+θ2) and (5.1). This result
agrees with [6].
5.2 Field
For the fundamental field ψα(x) in (1.1) the numbers ni of integrations in the various levels
of the off-shell Bethe Ansatz satisfy
n− 1 = n1 = n2 = · · · = nN/2−2 = n− + n+, n− = n+
because ψα transforms as the vector representation of O(N) (see [1, 2] and (4.18)). We
restrict to component ψ = ψ1 because as usual the Bethe Ansatz yields highest weight
states. For convenience we multiply the field with the Dirac operator and take
χ(x) = i(−iγ∂ +m)ψ(x) . (5.5)
We propose for the n-particle form factors (n = m+1 odd) for the spinor components χ(±)
〈0|χ(±)(0)|θ〉α = Fχ(±)α (θ) =
∏
i<j
F (θij)K
χ(±)
α (θ) (5.6)
Kχ
(±)
α (θ) = N
χ
n
∫
C(1)
θ
dz1 . . .
∫
C(m)
θ
dzm h˜(θ, z)p
χ(±)(θ, z) Ψ˜α(θ, z) (5.7)
with the p-function (for n = m+ 1 = odd > 1)
pχ
(±)
(θ, z) = exp
(
∓1
2
(
n∑
j=1
θj −
m∑
j=1
zj − 1
2
miπν
))
(5.8)
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which solves (4.10) with
charge Qψ = 1
weight vector wψ = (1, . . . , 0)
statistics factor σψ = −1
spin sψ = 12
The one particle form factor is trivial
〈0|ψ(0)|θ〉α = Fψα (θ) = δ1α u(θ) .
For the three particle form factor (n = 3, m = 2) the equations (5.6) and (5.7) write as
〈0|χ(0)|θ〉α = Fχα (θ) = F (θ12)F (θ13)F (θ23)Kχα(θ)
Kχα(θ) = N
χ
3
∫
C(o)
θ
dz1
∫
C(e)
θ
dz2 h˜(θ, z)p
χ(θ, z) Ψ˜α(θ, z) (5.9)
with
h˜(θ, z) =
3∏
i=1
φ˜(θi − z1)φ˜(θi − z2) 1
φ˜(z12)φ˜(−z12)
pχ
±
(θ, z) = e∓
1
2
(θ1+θ2+θ3−z1−z2−ipiν)
Ψ˜α(θ, z) = Lβ˚(z)
(
Π
β˚
β(z)ΩT˜
β2
1 (θ, z2)T˜
β1
1 (θ, z1)
)
α
.
Lemma 2 for the O(N − 2) weights w = (0, . . . , 0) yields for the higher level function
Lβ˚1β˚2(z) = C˚β˚1β˚2L(z12) with
L(z) =
Γ
(
1− 12ν − z2pii
)
Γ
(−12ν + z2pii)
Γ
(
1 + 12 (1− ν)− z2pii
)
Γ
(
1
2 (1− ν) + z2pii
) (5.10)
(see appendix C.2). We could not perform the integrations8 in (5.9) for general N , but
we expand the exact expression in 1/N -expansion to compare the result with the 1/N -
expansion of the O(N) Gross-Neveu model in terms of Feynman graphs.
1/N expansion: We obtain the 3-particle form factor of χ(x) up to O(N−2) as (see
appendix E.1)
Fχ
δ
αβγ =
8πm
N
(
δδγCαβ
cosh 12θ12
θ12 − iπ u(θ3)− δ
δ
βCαγ
cosh 12θ13
θ13 − iπ u(θ2) + δ
δ
αCβγ
cosh 12θ23
θ23 − iπ u(θ1)
)
(5.11)
which agrees with the 1/N expansion using Feynman graphs (see appendix E.2).
8Doing one integral we obtain a generalization of Meijer’s G-functions. The second integration does not
yield known functions (to our knowledge). One could, of course, apply numerical integration techniques
and determine the asymptotic behavior for large θ′s which is under investigation [46].
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Bound state form factor of ψ: We discuss the bound state fusion of 2 fundamental
fermions f + f → b2, a boson of mass m2 (see (2.2)). Writing (5.5) as
ψ(x) = (iγ∂ +m)χ˜(x), χ˜(x) = −i (+m2)−1 χ(x) ,
we apply the form factor equation (iv), i.e. (3.4)
Res
θ12=ipiν
FO123(θ1, θ2, θ3) = F
O
(12)3(θ(12), θ3)
√
2Γ
(12)
12
to the operator9 O = χ˜
Res
θ12=ipiν
F χ˜
(±)
11¯1
(θ) = F χ˜
(±)
b21
(θ0, θ3)
√
2Γb2
11¯
.
The result may be written as
F χ˜
(±)
b21
(θ0, θ3) = e
∓ 1
2
θ0
(
e±
1
4
ipiνf13(θ03) + e
∓ 1
4
ipiνf32(θ03)
)
+ e∓
1
2
θ3
(
e±
1
2
ipiνf11(θ03) + e
∓ 1
2
ipiνf22(θ03)
)
.
where the functions fij may be calculated in terms of hypergeometric functions 3F2 (for
more details see appendix D). For example f13 is plotted for N = 12 in Fig. 4.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
f13(x)
Figure 4. Plot of the bound state form factor function f13(x), (θ = iπx) for N = 12 (ν = 1/5).
The pole at θ = 32 iπν (here x = 0.3) belongs to the bound state fusion b
(r)
2 +f → b(r±1)3 ,
a fermion of mass m3 (see (2.2)). The pole at θ = iπ
(
1− 12ν
)
(here x = 0.9) belongs to
the bound state fusion b
(r)
2 + f → f , which is again the fundamental fermion. These are
examples of the general “bootstrap principal” [43].
5.3 Energy momentum
The energy momentum tensor is in terms of fields is
T µν(x) =
1
2
iψ¯γµ
←→
∂νψ − gµνL
9Strictly speaking F χ˜
11¯1
± F χ˜
1¯11
give F χ˜
b
(0,2)
2 1
.
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with the trace
T µµ(x) = mψ¯ψ .
Because T µν is an O(N) iso-scalar we have the weights w = (w1, . . . , wN/2) = (0, . . . , 0)
(see [1, 2]) which implies that
n = n1 = · · · = nN/2−2 = n− + n+, n− = n+ .
We write the energy momentum tensor in terms of an energy momentum potential (see
e.g. [3])
T µν(x) = Rµν(i∂x)T (x)
Rµν(P ) = −PµP ν + gµνP 2
T µµ(x) = (i∂x)
2T (x) .
For ψ¯ψ we propose the n-particle form factor as
〈0|ψ¯ψ(0)|θ〉α = F ψ¯ψα (θ) = N ψ¯ψn
∏
i<j
F (θij)K
ψ¯ψ
α (θ)
Kψ¯ψα (θ) =
∫
C(1)
θ
dz1 . . .
∫
C(m)
θ
dzm h˜(θ, z)p
ψ¯ψ(θ, z) Ψ˜α(θ, z) (5.12)
with m = n = even and
h˜(θ, z) =
n∏
i=1
m∏
j=1
φ˜(θi − zj)
∏
1≤i<j≤m
τ(zij),
pψ¯ψ(θ, z) = 1 (5.13)
Ψ˜α(θ, z) = Lβ˚(z)
(
Π
β˚
β(z)ΩT˜
βm
1 (θ, zm) . . . T˜
β1
1 (θ, z1)
)
α
.
We do not calculate the integrals in (5.12) for general N , but the 2 particle form factor
follows from lemma 4 in appendix C.2
F ψ¯ψα1α2(θ) = 〈 0 | ψ¯ψ(0) | θ1, θ2 〉inα1α2 = Cα1α2 v¯(θ1)u(θ2)F0(θ12) (5.14)
and
F T
µν
α1α2(θ) = 〈 0 |T µν(0) | θ1, θ2 〉inα1α2 = Cα1α2 v¯(θ1)γµu(θ2) 12(pν1 − pν2)F0(θ12)
= Cα1α2 v¯(θ1)u(θ2)m
(p1 − p2)µ (pν1 − pν2)
(p1 − p2)2
F0(θ12)
F Tα1α2(θ) = 〈 0 |T (0) | p1 , p2 〉inα1α2 = Cα1α2
v¯(θ1)u(θ2)
4m cosh2 12θ12
F0(θ12)
with F0(θ) given by (3.9) and (3.13).
1/N expansion: For N →∞ we obtain
F ψ¯ψα1α2(θ) = Cα1α2 v¯(θ2)u(θ1)
2 coth 12θ12
θ12 − iπ +O(1/N) .
This result agrees with the one obtained by computing Feynman graphs as was done in [6].
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Conclusions:
In this article we have enlarged our O(N) Bethe Ansatz knowledge of the O(N) Gross-
Neveu model, which exhibits a very rich bound state structure and, consequently, creates a
rich form factor hierarchy. We have computed the form factors for the fundamental Fermi
field, which transforms as a vector representation of O(N). Then we have also constructed
the form factors for the Noether current and the energy-momentum tensor. In addition
for the two particle case we have proved the recursion relation for the higher level K-
functions. Finally we have checked our results against the usual 1/N expansion and found
full agreement. In a forthcoming paper we will investigate the kink form factors, possibly
proving a kink field equation. Moreover, we will perform a detailed analysis of the O(6)
Gross-Neveu model, a starting point in the nesting procedure.
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Appendices
A Proof of the main theorem 1
The identity ∫
Ca
dzΓ(a− z)f(z) = 2πi Res
z=a
∞∑
l=−∞
Γ(a− z − l)f(z + l) (A.1)
where the Ca encircles the poles of Γ(a − z) anti-clockwise may be used to write the K-
function KOα (θ) defined by the integral representation (1.4) as a sum of “Jackson-type
Integrals” as investigated in [1]. These expressions satisfy symmetry properties and a
matrix difference equation which are equivalent to the form factor equations (i) and (ii).
We have to prove, that due to the assumptions of theorem 1 in addition the residue relations
(iii)
Res
θ12=ipi
FO1...n(θ1, . . . , θn) = 2iC12 F
O
3...n(θ3, . . . , θn)
(
1− σO2 (σS)2n . . . (σS)23
)
and (iv)
Res
θ12=ipiν
FO12...n(θ1, θ2, . . . , θn) = F
O
(12)...n(θ(12), . . . , θn)
√
2Γ
(12)
12
are satisfied.
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Proof. We prove that the K-function KO1...n(θ) defined by (1.3) and (1.4) satisfies the
form factor equations (i) - (iii) which read in terms of KO1...n(θ) as
KO...ij...(. . . , θi, θj , . . . ) = K
O
...ji...(. . . , θj , θi, . . . ) S˜ij(θij) (A.2)
KO1...n(θ1 + 2πi, θ2, . . . , θn)σ
O
1 C
1¯1 = KO2...n1(θ2, . . . , θn, θ1)C
11¯ (A.3)
Res
θ12=ipi
K1...n(θ) =
2i
F (iπ)
C12
n∏
i=3
φ˜(θi1 + iπν)φ˜(θi2)K3...n(θ3, . . . , θn)
(
1− σO2 S2n . . . S23
)
(A.4)
where (4.9) has been used.
• (i) follows as in [1],
• (ii) follows as in [1], however, here (4.10) is responsible for the statistics factor σO1 in
(A.3).
• (iii) the residue of
KO1...n(θ) = N
O
n
∫
C(1)
θ
dz1 · · ·
∫
C(m)
θ
dzm h˜(θ, z) p
O(θ, z) Ψ˜1...n(θ, z) (A.5)
consists of two terms
Res
θ12=ipi
K1...n(θ) =
(
(1)
Res
θ12=ipi
+
(2)
Res
θ12=ipi
)
K1...n(θ) .
This is because for each zj integration with j even the contours will be “pinched” at
two points (see Fig. 3):
(1) zj = θ2 ≈ θ1 − iπ
(2) zj = θ1 − 2πi ≈ θ2 − iπ
We prove in appendix C.1 the residue formulas for general level k of the off-shell Bethe
Ansatz. In particular for k = 0 the general result implies that the pinching (1) gives
(1)
Res
θ12=ipi
K1...n(θ) =
2i
F (iπ)
C12
n∏
i=3
φ˜(θi1 + iπν)φ˜(θi2)K3...n(θ3, . . . , θn) (A.6)
for a suitable choice of the normalization constants in (A.5). Therefore we have proved
(1)
Res
θ12=ipi
F1...n(θ1, . . . , θn) = 2iC12 F3...n(θ3, . . . , θn) .
We use (ii) and (i) to write
F1...n(θ)σ
O
1 = C11¯F2...n1(θ2, . . . , θn, θ1 − 2πi)C11¯
= C11¯F21...n(θ2, θ1 − 2πi, . . . , θn)C11¯ (σS)1¯n . . . (σS)1¯3 .
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Then the result for
(1)
Res
θ1=θ2+ipi
implies for the contribution of the pinching at zj = θ1− 2πi ≈
θ2 − iπ
(2)
Res
θ1=θ2+ipi
F1...n(θ)σ
O
1 = −
(1)
Res
θ2=(θ1−2pii)+ipi
C11¯F21...n(θ2, θ1 − 2πi, . . . , θn)C11¯ (σS)1¯n . . . (σS)1¯3
= −C11¯2iC21 FO3...n(θ3, . . . , θn)C11¯ (σS)1¯n . . . (σS)1¯3
= −2iC12 FO3...n(θ3, . . . , θn)σO2 (σS)2n . . . (σS)23 σO1
using σO1 σ
O¯
1
= 1.
(iv) Because there are bound states we also have to discuss the form factor equation
(iv) (3.4)
Res
θ12=ipiν
FO12...n(θ1, θ2, θˆ) = F
O
(12)...n(θ(12), θˆ)
√
2Γ
(12)
12 .
The bound state form factor FO(12)...n(θ(12), θˆ) is then obtained from the residue
Res
θ12=ipiν
KO12...n(θ) = Res
θ12=ipiν
NOn
∫
C(1)
θ
dz1 · · ·
∫
C(m)
θ
dzm h˜(θ, z) p
O(θ, z) Ψ˜1...n(θ, z) .
Similar as in the proof of (iii) the residue is obtained from pinching at:
zj = θ1 − iπν ≈ θ2 for C(o) and zj = θ2 ≈ θ1 − iπν for C(e).
Here we will not perform the lengthy calculations and write the complicated result, but
in appendix D we will calculate the bound state form factors for the examples of section
5.
B Two-particle current form factor
Derivation of (5.3) and (5.4):
Proof. The two-particle K-function of the current is
KJα(θ) = N
J
2
∫
C(o)
θ
dz h˜(θ, z)pJ(θ, z) Ψ˜α(θ, z)
with the p-function (5.2) for n = 2 and m = 1
pJ(θ, z) =
e
1
2
(θ1+θ2)
eθ1 + eθ2
+
e−
1
2
(θ1+θ2)
e−θ1 + e−θ2
=
1
cosh 12θ12
(B.1)
and the Bethe state
Ψ˜α(θ, z) = δ
2
α1δ
1
α2 c˜(θ1 − z) + δ1α1δ2α2 b˜(θ1 − z)c˜(θ2 − z) .
Doing the integral we obtain
KJ21(θ12) = N
J
2
∫
C(o)θ
dz h˜(θ, z)pJ (θ, z) Ψ˜21(θ, z) = −NJ2 8π34νΓ (1− ν) c
F− (θ)
F (θ)
(B.2)
and KJ12(θ) = −KJ21(θ).
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We use again the variables u = θ/(iπν) and v = z/(iπν), consider the component
KJ21(θ) and calculate the integral
I =
1
2πi
∫
C(o)u
dv I(u, v)
I(u, v) = h˜(u, v)Ψ˜(u, v), h˜(u, v) = φ˜(u1 − v)φ˜(u2 − v), Ψ˜(u, v) = c˜(u1 − v) .
Writing the integrals in terms of sums over residues we obtain (see Fig. 3)
I = I1 + I2 =
∞∑
l=0
s1(u1, u2, l) +
∞∑
l=0
s2(u1, u2, l) (B.3)
si(u1, u2, l) = Res
v=vo(ui,l)
I(u1, u2, v), vo(u, l) = u− 1 + 2l/ν .
Using the Gauss formula
2F1(a, b; c; 1) =
∞∑
n=0
Γ (a+ n)
Γ (a)
Γ (b+ n)
Γ (b)
Γ (c)
Γ (c+ n)
Γ (1)
Γ (1 + n)
=
Γ (c) Γ (c− a− b)
Γ (c− a) Γ (c− b) (B.4)
we get
I = I1 + I2
= 2νπ
√
π
Γ
(−12ν)Γ (12ν + 12) cos 12πν
sin 12πν (u12 + 1) sin
1
2πν (u12 − 1)
1
Γ
(
1
2ν +
1
2νu12
)
Γ
(
1 + 12ν − 12νu12
)
which agrees with (B.2) taking (B.1) into account. Therefore using (3.11) and (3.13) we
finally obtain with the normalization constant
NJ2 =
1
8
4−ν
im
cπ3Γ (1− ν) (B.5)
for the pseudo-potential Jαβ(x) the two-particle form factors (5.3) and (5.4) for the current.
The normalization is chosen such that the form factor agrees for F− (θ) → F− (iπ) = 1
with the free field expression.
C Higher level K-functions
C.1 Proof of lemma 2
Remark 3 If in (4.15) Res is replaced by
(1)
Res Lemma 2 also holds for k = 0 as explained
in appendix A.
For the discussion of the general k-level Bethe Ansatz it is convenient to use the
variables u, v defined by θ = iπνku, z = iπνkv and νk = 2/(N − 2k − 2) (for the S-matrix
see (4.11)). In the proof we will replace p(k)(u, v) by 1 which will not change the results, if
the p(k) satisfy the conditions (4.17).
Proof. As above in the proof of theorem 1 the relations (i)(k) and (ii)(k) follow from
the results of [1]. The proof of (iii)(k) is the same as the corresponding one in [3], only the
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functions ψ˜(u) and χ˜(u) have to replaced by φ˜(u) and τij(v) by τ(v). As in [3] one finally
obtains
Res
u12=1/νk
K(k)α (u)
= const.
(
Res
v=1/νk+1
d˜k+1(v)
)−1
Res
u12=1/νk
∮
u1−1
dv1c˜(u1 − v1)
(
−
∮
u2
)
dv2
× d˜k(u12)

 2∏
i=1
2∏
j=1
φ˜(ui − vj)

 τ(v12) nk∏
i=3
φ˜(ui1 + 1)φ˜(ui2)
1
N˜
(k)
mk−2
Cα1α2K
(k)
αˇ (uˇ)
with αˇ = α3 . . . αnk . It has been used that for u12 = 1/νk, v12 = 1/νk+1, u2 = v2, u1 =
v2 + 1/νk = v1 + 1(
ak+1(v1j)ak+1(v2j)
ak(u1 − vj)ak(u2 − vj)
φ˜(vj1 + 1)φ˜(vj2)
)(
φ˜(u1 − vj)φ˜(u2 − vj)τ(v1j)τ(v2j)
)
= 1 .
This can be shown by means of (4.5) and the formulas
ak(u1)ak(u2) = b˜(−u2)/b˜(u1)
b˜(u)φ˜(u) = −φ˜(1− u) .
The final result is that equation (4.15) holds for a suitable choice of the normalization
constants in (4.12).
C.2 Two-particle higher level K-functions
We need higher level K-functions for the examples of section 5, in particular, in the iso-
scalar two-particle channel (with weights w = (0, . . . , 0)) the K-functionK
(k)
α1α2(θ1, θ2) (level
k = 0, 1, 2, . . . ) belonging to O(N − 2k) . It is of the form
K(k)α1α2(u1, u2) = C
(N−2k)
α1α2 K(u12, k) (C.1)
where C
(N−2k)
α1α2 is the O(N − 2k) charge conjugation matrix10. From the weight vector
w = (w1, . . . , wN/2) = (0, . . . , 0) =
(
n− n1, . . . , nN/2−2 − n− − n+, n− − n+
)
follows that for all levels nk = 2.
Lemma 4 The vector valued functions K
(k)
α1α2(u1, u2) with
K(u, k) =
Γ
(
1− 12ν − 12νu
)
Γ
(−12ν + 12νu)
Γ
(
3
2 − 12kν − 12νu
)
Γ
(
1
2 − 12kν + 12νu
) (C.2)
satisfy for k = 0, 1, 2, · · · < N/2 − 2 the recursion relation
K(k)α (u) = N
(k)
∫
C(o)u
dv1
∫
C(e)u
dv2 h˜(u, v)L
(k)
β˚
(v, k)Φ˜(k)
β˚
α (u, v) (C.3)
L
(k)
β˚
(v, k) = K
(k+1)
β˚
(v) = C
(N−2k−2)
β˚
K(v12, k + 1)
10In the real basis this would be δα1α2 .
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with
h˜(u, v) =
2∏
i=1
(
φ˜(ui − v1)φ˜(ui − v2)
) 1
φ˜(v12)φ˜(−v12)
Φ˜(k)
β˚
α (u, v) =
(
Π
β˚
β(v)ΩT˜
β2
1 (u, v2)T˜
β1
1 (u, v1)
)(k)
α
and the normalization
N (k) =
−2−ν
8π2
Γ
(
1
2 − 12kν
)
Γ
(
1− 12kν − 12ν
)
Γ
(
1− 12kν
)
Γ
(
1
2 − 12kν + 12ν
) (
Γ
(−12ν))2 . (C.4)
Proof. The function (C.2) satisfies
(i) : K(u, k) = K(−u, k)S˜(k)0 (u)
(ii) : K(1/ν − u, k) = K(1/ν + u, k) (C.5)
with the scalar eigenvalue of S˜(k)(u) = S˜O(N−2k)(u)
S˜
(k)
0 (u) = S
(k)
0 (u)/S
(k)
+ (u) =
u+ 1/νk
u− 1/νk
u+ 1
u− 1 =
u+ (1/ν − k)
u− (1/ν − k)
u+ 1
u− 1 .
The minimal solution (with no poles in the physical strip 0 ≤ Reu ≤ 1/ν) is
Km(u, k) =
1
Γ
(
3
2 − 12kν − 12νu
)
Γ
(
1
2 (1− νk) + 12νu
)
Γ
(
1 + 12ν − 12νu
)
Γ
(
1
2ν +
1
2νu
)
(C.6)
whereas K(u, k) has the bound state pole at u = 1 (θ = iπνk).
The Bethe state in (C.3) is (see [1])
Φ˜(k)
β˚
α (u, v) =
(
Π(k)
)β˚
β
(v)
(
ΩT˜ β21 (u, v2)T˜
β1
1 (u, v1)
)(k)
α(
Π(k)
)β˚1β˚2
β1β2
(v) = δβ˚1β1δ
β˚2
β2
+ fk(v12)C˚
β˚1β˚2δk+1β1 δ
k+1
β2 , fk(v) =
1
v + 1/νk − 1
which may be depicted (for k = 0) as
Φ
β˚
α(u,w) =
u1 u2
v2
v1
1 1
1
1
✫
✒
Π
β˚
α
, Πα˚β˚αβ(u1, u2) = • •
α β
α˚ β˚
+f(u12)
 ❅
α β
1¯ 1
α˚ β˚
. (C.7)
– 22 –
Because of (C.1) it is sufficient to consider only one component of (C.3) and for convenience
we take Φ˜(k)
β˚
α with α = k + 1, k + 1 and define
Φ˜k(u, v)
= C
(N−2k−2)
β˚1β˚2
Φ˜(k) β˚1β˚2
k+1,k+1
(u, v)
= C
(N−2k−2)
β˚1β˚2
Cβ˚1β˚2(N−2k−2)
(
c˜(u1 − v2)d˜k(u1 − v1) + fk(v1 − v2)
(
c˜(u1 − v1) + d˜k(u1 − v1)
))
= (N − 2k − 2) − (v1 − v2 − 1)
(u1 − v1 − 1) (u1 − v2 − 1) (v1 − v2 + 1/νk − 1)
where (for k = 0) Φ˜ β˚1β˚2
1,1
(u, v) may be depicted as
u1 u2
1¯ 1
β˚1 β˚2
v2
v1
1
1
1 1
✎☞✝✧ ✧☎✆✍ + f(v12)
(
u1 u2
1¯ 1
β˚1 β˚2✡✠
1¯ 1
v2
v1
1
1
1 1
☞✝✝✚ ✧☎✔✍ +
u1 u2
1¯ 1
β˚1 β˚2✡✠
1¯ 1
v2
v1
1
1
1 1
✎☞✝✚ ✧☎✆✍
)
.
Then because L
(k)
β˚
(v)Φ˜(k)
β˚
k+1,k+1
(u, v) = K(v12, k + 1)Φ˜k(u, v)
K
(k)
k+1,k+1
(u) = N (k)
∫
C(o)u
dv1
∫
C(e)u
dv2 h˜(u, v)K(v12, k + 1)Φ˜k(u, v) (C.8)
= N (k)(2πi)2(N − 2k − 2)J(u12)
where
J(u12) =
1
(2πi)2
∫
C(o)u
dv1
∫
C(e)u
dv2 J(u, v) (C.9)
J(u, v) = φ˜(u1 − v1)c˜(u1 − v1)φ˜(u1 − v2)c˜(u1 − v2)φ˜(u2 − v1)φ˜(u2 − v2)ϕ(v12)
ϕ(v) =
(1− v)K(v, k + 1)
φ˜(v)φ˜(−v) (v + 1/ν − k − 1) .
Because the function J(u) satisfies (C.5) it is proportional to K(u, k) (as was shown in
general in [6]) if there are no zeroes and exactly one pole11 at u = 1 in 0 ≤ Reu ≤ 1/ν.
Finally we obtain
J(u) =
2ν−1ν
(
Γ
(−12ν))2 Γ (12 − 12kν + 12ν)Γ (1− 12kν)
Γ
(−12ν + 1− 12kν)Γ (32 − 12kν) K(u, k) (C.10)
where the constant is calculated by taking the residue at u = 1 on both sides of (C.10).
Finally we turn to (C.3). By (C.8) and (C.1) we have
K(u, k) = K
(k)
k+1,k+1
(u) = N (k)(2πi)2(N − 2k − 2)J(u12) (C.11)
11This is suggested by numerical calculations using mathematica.
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which provides the normalization (C.4).
In particular for k = 0 and k = 1
K(u) = K(u, 0) =
−2
π
cos 12πνu
νu− 1 Γ
(−12ν + 12νu)Γ (1− 12ν − 12νu)
L(u) = K(u, 1) =
Γ
(
1− 12ν − 12νu
)
Γ
(−12ν + 12νu)
Γ
(
1 + 12 (1− ν)− 12νu
)
Γ
(
1
2 (1− ν) + 12νu
) .
The function L(u) is that of (5.10) and it is used to calculate the 2-particle form factor on
the energy momentum (5.14) and also to calculate the 3-particle form factor of the field
5.9. In particular the 2-particle K-function of the scalar operator ψ¯ψ is up to a constant
equal to K(u). With the normalization in (5.12)
N ψ¯ψ2 = 2m/
(
π2ν2cΓ2
(
1
2 (1− ν)
))
we obtain (5.14)
F ψ¯ψα1α2(θ) = Cα1α2 v¯(θ1)u(θ2)F0(θ12)
which agrees with the result of [6]. The normalization is chosen such that the form factor
agrees for θ → iπ with the free field expression.
D Bound state form factors
We discuss the form factor equation (iv)
Res
θ12=iη
FO12...n(θ1, θ2, . . . , θn) = F
O
(12)...n(θ(12), . . . , θn)
√
2Γ
(12)
12
for the examples of section (5). Of course, one may easily calculate the residues for two-
particle form factors for the pseudo-potential Jαβ(x) (5.3) and ψ¯ψ(x) (5.14) directly, how-
ever we will check here whether the general pinching procedure of appendix A will give the
same result. In addition we obtain the bound state form factor of the three-particle form
factor for the field.
Two-particle current form factor: By the form factor equation (iv) (3.4) the two-
particle bound state form factor for the pseudo-potential Jαβ(x) is
Res
θ12=ipiν
F J
αβ
12 (θ1, θ2) = F
Jαβ
(12) (θ(12))
√
2Γ
(12)
12 , θ(12) =
1
2 (θ1 + θ2)
where the bound state intertwiner Γ
(12)
12 is given by (2.9) and (2.10).
In appendix B we calculated the two-particle form factor for the pseudo-potential
Jαβ(x) in terms of the integral
I(u12) =
1
2πi
∫
C(o)u
dvI(u, v)
I(u, v) = h˜(u, v)Ψ˜(u, v), h˜(u, v) = φ˜(u1 − v)φ˜(u2 − v), Ψ˜(u, v) = c˜(u1 − v)
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with the result
I(u) =
2νπ
√
πΓ
(−12ν)Γ (12ν + 12) cos 12πν
sin 12πν (u+ 1) sin
1
2πν (u− 1) Γ
(
1
2ν +
1
2νu
)
Γ
(
1 + 12ν − 12νu
)
and the residue
Res
u=1
I(u) = −
(
Γ
(
−1
2
ν
))2
.
In appendix A we remarked that the residue is obtained from pinching at:
z = θ1 − iπν ≈ θ2 for C(o)
Res
u12=1
I(u12) = Res
u12=1
1
2πi
∮
u1−1
dv φ˜(u1 − v)φ˜(u2 − v)c˜(u1 − v)
= Res
u12=1
φ˜(1)φ˜(−u12 + 1) = −
(
Γ
(
−1
2
ν
))2
which means that the pinching procedure gives the same result as the direct calculation.
Two-particle form factor of ψ¯ψ: By the form factor equation (iv) (3.4) the two-particle
bound state form factor for ψ¯ψ is
Res
θ12=ipiν
F ψ¯ψ12 (θ1, θ2) = F
ψ¯ψ
(12)(θ(12))
√
2Γ
(12)
12 .
In appendix C.2 we calculated the two-particle form factor for ψ¯ψ(x) in terms of the integral
J(u12) =
1
(2πi)2
∫
C(o)u
dv1
∫
C(e)u
dv2 J(u, v)
J(u, v) = φ˜(u1 − v1)c˜(u1 − v1)φ˜(u1 − v2)c˜(u1 − v2)φ˜(u2 − v1)φ˜(u2 − v2)ϕ(v12)
ϕ(v) =
(1− v)K(v, k + 1)
φ˜(v)φ˜(−v) (v + 1/ν − k − 1)
with the result
J =
c2
cos πν
K(u, 0) =
c2
cos πν
Γ
(
1− 12ν − 12νu
)
Γ
(−12ν + 12νu)
Γ
(
1 + 12 − 12νu
)
Γ
(
1
2 +
1
2νu
)
and the residue is
Res
u=1
J(u) =
c2
cos πν
Res
u=1
K(u, 0) =
4
(1− ν)π
(
Γ
(−12ν))2 .
In appendix A we remarked that the residue is obtained from pinching at:
z = θ1 − iπν ≈ θ2 for C(o) and zj = θ2 ≈ θ1 − iπν for C(e), therefore (see (C.9))
Res
u12=1
J = Res
u12=1
1
(2πi)2

 ∮
u1−1
dv1
∫
C(e)u
dv2 −
∫
C(o)u
dv1
∮
u2
dv2

 J(u, v) = R1 +R2
R1 = − Res
u12=1
∞∑
l2=0
(s11(u1, u2, 0, l2) + s12(u1, u2, 0, l2)) .
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with
sij(u1, u2, l1, l2) = Res
v1=vo(ui,l1)
Res
v2=ve(uj ,l2)
J(u1, u2; v1, v2)
vo(u, l) = u− 1 + 2l/ν, ve(u, l) = u− 2l/ν
It turns out that s12 gives no contribution and
R1 = − Res
u12=1
∞∑
l2=0
s11(u1, u2, 0, l2) = 2
(
Γ
(−12ν))2
π (1− ν)
such that again
Res
u12=1
J = 4
(
Γ
(−12ν))2
π (1− ν)
which means that the pinching procedure gives the same result as the direct calculation.
3-particle form factor of ψ: We discuss the bound state fusion of 2 fundamental
fermions f + f → b2. We write (5.5) as
ψ(x) = (iγ∂ +m)χ˜(x), χ˜(x) = −i (+m2)−1 χ(x)
and apply the form factor equation (3.4) to12 χ˜
Res
θ12=ipiν
F χ˜
11¯1
(θ) = F χ˜
(±)
b21
(θ0, θ3)
√
2Γb2
11¯
.
The component K χ˜
11¯1
of the K-function (similar as for ψ¯ψ in appendix C.2) can be written
in terms of
Jχ(u) =
1
(2πi)2
∫
C(o)u
dv1
∫
C(e)u
dv2 J
χ(u, v)pχ(u, v)
Jχ(u, v) =

 3∏
i=1
2∏
j=1
φ˜(ui − vj)

 b˜(u1 − v1)b˜(u1 − v2)c˜(u2 − v1)c˜(u2 − v2)ϕ(v12)
ϕ(v) =
(1− v)K(v, 1)
φ˜(v)φ˜(−v) (v + 1/ν − 1) .
In appendix A we remarked that the residue is obtained from pinching at:
z1 = θ1 − iπν ≈ θ2 (v1 = u1 − 1 ≈ u2) for C(o) and z2 = θ2 ≈ θ1 − iπν (v2 = u2 ≈ u1 − 1)
for C(e). Therefore the bound state form factor is obtained from
Res
u12=1
Jχ(u) = Res
u12=1
1
(2πi)2
(∮
u1−1
∫
C(e)u
−
∫
C(o)u
∮
u2
)
dv1 dv2J
χ(u, v)pχ(u, v) .
The integrals may be calculated in terms of hypergeometric functions 3F2. We obtain
F χ˜
(±)
b21
(θ0, θ3) = e
∓ 1
2
θ0
(
e±
1
4
ipiνf13(θ03) + e
∓ 1
4
ipiνf32(θ03)
)
+ e∓
1
2
θ3
(
e±
1
2
ipiνf11(θ03) + e
∓ 1
2
ipiνf22(θ03)
)
12Strictly speaking F χ˜
11¯1
± F χ˜
1¯11
give F χ˜
b
(0,2)
2 1
.
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where f1i(θ03) and fi2(θ03) are the results from the integrations∮
u1−1
dv1
∫
Cui
dv2.. . . . and
∮
Cui
dv1
∫
u2
dv2.. . . . respectively.
For example up to a constant (see Fig. 4)
f13(u) =
(
Γ
(
1− 14ν − 12νu
))2
Γ
(−34ν + 12νu)Γ (−14ν + 12νu)
Γ
(
3
2 − 34ν + 12νu
)
Γ
(
3
2 − 14ν − 12νu
)
cot 12πν
(
u− 12
)
cot 12πν
(
u+ 12
)
× 3F2
(−12ν + 1,−34ν + 12νu,−12 + 14ν + 12νu; 14ν + 12νu, 32 − 34ν + 12νu; 1)Fb(u)
where Fb(u) is the minimal highest weight form factor function in the b
(r)
2 + f sector
Fb(θ) = const.
(
sinh 12θ
) Fmin+ (θ + 12 iπν)Fmin+ (θ − 12 iπν)
Γ(1 + 14ν − θ2ipi )Γ(14ν + θ2ipi )
or explicitly in terms of G (z) Barnes G-function
Fb(u) =
(
sinh 12θ
)
G
(
1
4ν +
1
2νu
)
G
(
3
2 − 34ν − 12νu
)
G
(
1 + 14ν − 12νu
)
G
(
1
2 − 34ν + 12νu
)
G
(
1
2 +
1
4ν +
1
2νu
)
G
(
2− 34ν − 12νu
)
G
(
3
2 +
1
4ν − 12νu
)
G
(
1− 34ν + 12νu
)
with u = θ/(iπν). It satisfies Watson’s equation
Fb(θ)
Fb(−θ) = a(θ +
1
2 iπν)a(θ − 12 iπν)
θ + 12 iπν
θ − 12 iπν
= ab(θ)
where ab(θ) is the highest weight scattering amplitude in the b
(r)
2 + f sector.
E 1/N expansion
E.1 1/N expansion of the exact 3-particle field form factor
For χδ(x) = i(−iγ∂ +m)ψδ(x) we derive for the highest weight component χ(x) =χ1(x)
Fχ
1¯11
(θ) =
8πm
N
(
cosh 12θ12
θ12 − iπ u(θ3)−
cosh 12θ13
θ13 − iπ u(θ2)
)
+O(N−2) (E.1)
which is equivalent to (5.11).
Proof. The p-function of χ(x) for three particles and ν = 0 is
pχ
(±)
= exp
(∓12 (θ1 + θ2 + θ3 − z1 − z2)) .
We have to consider (up to const.)
Kχ
(+)
1¯11
(θ) =
∫
Cθ
dz1
∫
Cθ
dz2
3∏
i=1
(
φ˜(θi − z1)φ˜(θi − z2)
) 1
φ˜(z12)φ˜(−z12)
pχ
(+)
(z) Ψ˜1¯11(θ, z).
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This formula is similar as (C.3) for k = 0 (which correspond to the operator ψ¯ψ), only
we have here to add the factor
(
φ˜(θ3 − z1)φ˜(θ3 − z2)pχ(±)(θ, z)
)
. Therefore we get using
(C.11) for small ν (up to constants)
Kχ
(±)
1¯11
(θ) = K(θ12, 0)
exp
(∓12θ3)
sinh 12θ13 sinh
1
2θ23
+ (2↔ 3)
=
cosh 12θ12
(θ12 − iπ) sinh 12θ12
exp
(∓12θ3)
sinh 12θ13 sinh
1
2θ23
+ (2↔ 3) +O(ν)
=
1
θ12 − iπ coth
1
2θ12
exp
(∓12θ3)
sinh 12θ13 sinh
1
2θ23
+ (2↔ 3) +O(ν)
Fχ
1¯11
(θ) =
cosh 12θ12
θ12 − iπ u(θ3)−
cosh 12θ13
θ13 − iπ u(θ2) +O(ν)
which is (E.1) up to a constant. The normalization is obtained by the form factor equation
(iii)
Res
θ12=ipi
Fψ
1¯11
(θ) = 2i (1− a(θ23))Fψ1 (θ3)
=
4π
N
(
1
sinh θ23
− 1
θ23
)
u(θ3) +O(N
−2)
where
Fψαβγ(θ) =
i(γ (p1 + p2 + p3) +m)
8m2 cosh 12θ12 cosh
1
2θ13 cosh
1
2θ23
Fψχαβγ(θ) .
It has been used that
K(θ, 0) = −2iπ cosh
1
2z
(z − iπ) sinh 12z
+O(ν)
φ˜(θ) =
−iπ
sinh 12θ
+O(ν)
F (θ) = −i sinh 12θ +O (ν)
a(θ) = 1 + νiπ
(
1
sinh θ
− 1
θ
)
+O
(
ν2
)
.
E.2 1/N perturbation theory
Introducing the auxiliary field σ(x) the Lagrangian (1.1) may be written as
LGN = ψ¯(iγ∂ − σ)ψ − 1
2g2
σ2
and the Green’s functions in 1/N expansions are obtained from the expansion of
Z(ξ, ξ¯) =
∫
dσ exp
(
iAeff (σ) − ξ¯Sξ
)
Aeff (σ) = −i12N tr ln(iγ∂ − σ)−
∫
d2x
1
2g2
σ2
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with the σ propagator [5, 6]
∆˜σ(k) =
(
1
2N
∫
d2p
(2π)2
tr
(
1
γp−m
(
1
γ(p + k)−m −
1
m
)))−1
= −4πi
N
tanh 12φ
φ
where k2 = −4m2 sinh2 12φ. This propagator together with the simple vertex of Fig. 5 yield
✻
✻
k
←
σ = −i
Figure 5. The elementary vertex for the O(N) Gross-Neveu model. With respect to isospin the
vertex is proportional to the unit matrix.
the Feynman rules which allow to calculate general vertex functions in the 1/N -expansion.
For example the four point vertex function is
Γ˜(4)DCδγABαβ(−p3,−p4, p1, p2) = δδαδγβ GDCAB (p2 − p3)− δγαδδβ GCDAB (p3 − p1) (E.2)
where A,B,C,D are spinor indices, αβγδ are isospin indices and G is given by the Feynman
graph of Fig. 6. Taking into account the contributions from the propagator we obtain
GDCAB (k) =
✁
✁
✁
✁✕
❆
❆
❆
❆❑
❆
❆
❆
❆❑
✁
✁
✁
✁✕
k
←
A B
CD
p1 p2
p3p4
Figure 6. The four point vertex
G(k) = −1⊗ 1 ∆˜σ(k) = 4πi
N
1⊗ 1 tanh
1
2φ
φ
. (E.3)
where the tensor product structure of the spinor matrices is obvious from Fig. 6.
3-particle form factor of the fundamental fermi field: We now calculate the three
particle form factor of the fundamental fermi field in 1/N -expansion in lowest nontrivial
order. For convenience we multiply the field with the Dirac operator
χδD(x) = i(−iγ∂ +m)DD′ψδD
′
(x)
and define
γ
out〈 p3 |χδD(0) | θ1, θ2 〉inαβ = F η
δD γ
αβ(θ3; θ1, θ2) .
– 29 –
✓
✒
✏
✑Oδ(0)
✁✕ ❆❑
✁✕
conn.
1 2
3
=
✁
✁✁✁✕
❆
❆
❑
O
❆
❆❆❆❑
✁
✁✁✁✕
1 2
3
−
 
 
✒
 ✒
O
❅
❅
❅
❅
■
1 2
3
+ · · ·
Figure 7. The connected part of the three particle form factor of the fundamental fermi field in
1/N -expansion.
By means of LSZ-techniques one can express the connected part in terms of the 4-point
vertex function (E.2) in lowest order given by the Feynman graphs of Fig. 7
Fχ
δD
conn
γ
αβ(θ3; θ1, θ2) = u¯C(p3)
{
δαδδβγ G
DC
AB (p2 − p3)− δαγδβδ GCDAB (p3 − p1)
}
uA(p1)u
B(p2)
(E.4)
where G is given by Fig. 6 and eq. (E.3) and the spinors by u±(p) =
√
me∓θ/2. It turns
out that for p1, p2 and p3 on-shell several terms vanish or cancel and we obtain up to order
1/N using u¯(θ1)u(θ2) = 2m cosh
1
2θ12
Fχ
δD
conn.
γ
αβ =
iπ
N
8m
{
δδαδ
γ
β
sinh 12θ23
θ23
uD(p1)− δγαδδβ
sinh 12θ13
θ13
uD(p2)
}
. (E.5)
By crossing (θ3 → θ3+ iπ) this gives Fχ
δ
αβγ¯ and agrees with the 1/N expansion of the exact
form factor (5.11).
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